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Abstract
Let X ⊂ Cr be compact d-variety with isolated determinantal singu-
larities and ω be a 1-form on X with a finite number of singularities
(in the stratified sense). Under some technical conditions on r we use
two generalization of Poincare´-Hopf index with the goal of proving a
Poincare´-Hopf Type Theorem for X.
Introduction
The Poincare´-Hopf Theorem can be seen as a bridge between combinatorial
algebraic topology and differential topology and the Euler characteristic is the
main stone in this connection. The Euler characteristic is a very important
and well known invariant which appears in mathematics since the first years
in primary school and goes up to highlight applications in theoretical physics.
To compute the Euler characteristic on the differentiable side of a smooth
variety it is necessary to consider the Poincare´ Hopf index. However, to adapt
this concept on singular varieties, we need to generalize the Poincare´-Hopf
index to the singular case. In this context, many generalizations can be
considered, such as the different approaches presented in [15, 14, 6, 16].
In [5], the authors present a proof of this type of result in the case where
these isolated singularities are complete intersections. In this context, we
have the existence and unicity of smoothing, which makes possible to define
a generalization for the Poincare´-Hopf index.
The next step to continue the research is to use these new indices to find a
proof of Poincare´-Hopf Theorem for compact varieties with isolated singular-
ities of determinantal type. In this work, we consider compact varieties with
isolated determinantal singularities. To obtain a version of Poincare´-Hopf
1
Theorem in this case, we use techniques similar to the ones used in [5], and
some interesting new results about determinantal singularities.
Let X be a compact variety with isolated codimension 2 determinantal
singularities. In [20], using the unicity of the smoothing, the authors define
the Milnor number of X as the middle Betti number of a generic fiber of the
smoothing. In a more general setting of determinantal varieties, the results
depend on the Euler Characteristic of the stabilization given by the essential
smoothing. In that paper, the authors also connect this invariant with the
Ebeling and Gusein-Zade index of the 1-form given by the differential of a
generic linear projection defined on the variety.
The cases that we consider in this paper is not covered by the ICIS set-
ting. The non-standard behaviour of our setting can be seen because, for
instance, we have non-smoothable and smoothable singularities and even
in the smoothable case we split in two cases: unicity or not unicity of the
smoothing. We consider two different Poincare´-Hopf index generalizations:
one, denoted by IndPH, was considered by Ebeling and Gusein-Zade in [8]
and can be seen as a generalization of the GSV-index [14] and, the other, by
IndPHN defined by Ebeling and Gusein-Zade in [8].
In Section 1, we present the basic results about determinantal varieties
and indices of 1-forms and in Section 2, we prove our main result.
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1 Basic Definitions
Let Mn,p be the set of all n× p matrices with complex entries, M
t
n,p ⊂ Mn,p
the subset of matrices that have rank less than t, with 1 ≤ t ≤ min(n, p). It
is possible to show that M tn,p is a singular algebraic variety of codimension
(n− t+1)(p− t+1) with singular locus M t−1n,p (see[7]). The set M
t
n,p is called
generic determinantal variety.
Definition 1.1. Let F = (Fij(x)) be an n × p matrix whose entries are
complex analytic functions on U ⊂ Cr, 0 ∈ U and f the function defined
by the t× t minors of F . We say that X is a determinantal variety if X is
defined by the equation f = 0 and the codimension of X is (n−t+1)(p−t+1).
Using [8] and [23], we present formulas of the Poincare´-Hopf type for com-
pact varieties with isolated determinantal singularities. In order to apply [23]
we need to consider a more general case of essentially isolated determinantal
singularities (EIDS) defined by Ebeling e Gusein-Zade. For that, we recall
the definition of essentially nonsingular point.
Definition 1.2. A point x ∈ X = F−1(M tn,p) is called essentially nonsingu-
lar if, at this point, the map F is transversal to the corresponding stratum
M in,p \M
i−1
n,p of the variety M
t
n,p, where i = rkF (x) + 1.
Now we present the definition of essentially singular point at the origin.
Definition 1.3. A germ (X, 0) ⊂ (Cr, 0) of a determinantal variety has
an isolated essentially singular point at the origin if it has only essentially
non-singular points in a punctured neighbourhood of the origin in X.
Let (X, 0) ⊂ (Cr, 0) be the germ of an analytic equidimensional variety.
It is well known that complete intersections are smoothable and for a deter-
minantal singularity, the existence and uniqueness of the smoothing do not
occur in general. Because of that Ebeling and Guzein-Zade introduced the
following definition.
Definition 1.4. An essential smoothing X˜ of the EIDS (X, 0) is a subvariety
lying in a neighbourhood U of the origin in Cr and defined by a perturbation
F˜ : U → Mn,p of the germ F such that F˜ is transversal to all the strata
M in,p \M
i−1
n,p with i ≤ t.
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An essential smoothing is not smooth in general, its singular locus is
F˜−1(M t−1n,p ) and
X˜ =
⋃
1≤i≤t
F˜−1(M in,p \M
i−1
n,p ).
If X = F−1(M tn,p) is an EIDS, 1 ≤ t ≤ min{n, p}, an essential smoothing
of X is a genuine smoothing if and only if r < (n− t+ 2)(p− t+ 2) (see [8]
for more details).
In [20], the authors obtain the following results that can be seen as a Leˆ-
Greuel type formula for germs of Cohen-Macaulay determinantal variteties
of codimension 2 with isolated singularity at the origin.
Theorem 1.1. ([20]) Let (X, 0) ⊂ (C4, 0) be the germ of a determinantal
surface with isolated singularity at the origin. Then,
m2(X) = µ(p
−1(0) ∩X) + µ(X),
where m2(X) is the second polar multiplicity of X.
The m2(X) multiplicity here is a generalization presented by Pereira and
Ruas, in the determinantal context, to Gaffney’s multiplicity md(X) defined
in [11] for isolated complete intersection singularities. When dim(X) = 3, we
obtain an expression which reduces to the Leˆ-Greuel formula when b2(Xt) =
0.
Proposition 1.1. ([20]) Let (X, 0) ⊂ (C5, 0) be the germ of a determinantal
variety of codimension 2 with isolated singularity at the origin. Then,
m3(X) = µ(p
−1(0) ∩X) + µ(X) + b2(Xt),
where b2(Xt) is the 2-th Betti number of the generic fiber of Xt and m3(X)
is the polar multiplicity of X.
In [23], the author studies the topology of essentially isolated determi-
nantal singularities and obtains a result that describes the homotopy type of
the Milnor fiber of an EIDS. Let Lkn,p = M
t
n,p ∩Hk be the k-th complex link
of M tn,p, where Hk is a plane of codimension k in general position with the
generic determinantal variety M tn,p out of the origin (see [22]).
Proposition 1.2. ( [23], Corollary 3.5) Let (X, 0) be an EIDS given by a
holomorphic map germ F : (Cr, 0) → (Mn,p, 0) such that X = F
−1(M tn,p)
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is smoothable. If Fu is a stabilization of F and Xu = F
−1
u (M
t
n,p) is the
determinantal Milnor fiber, then
Xu ∼=ht L
t,np−r
n,p ∨
s∨
i=1
Sd, (1)
where d = r − (n− t+ 1)(p− t + 1) = dim(X), Lt,kn,p = Hk ∩M
t
n,p and Hk is
a codimensional k hyperplane in general position out of the origin.
If (X, 0) ⊂ (Cr, 0) is a smoothable determinantal singularity of codimen-
sion 2, we have r < (n − n + 2)((n + 1) − n + 2) = 6. Moreover using the
previous result and Example 3.6 of [23], we have
Xu ∼=ht L
2,n(n+1)−r
2,3 ∨
s∨
i=1
Sd,
and the generic determinantal complex link associated can be calculated by
L
2,k
2,3
∼=


S2 if k ∈ {1, 2}∨e−1
i=1 S
1 if k = 3
e points if k = 4
∅ otherwise
(2)
with k = n(n + 1)− r.
a) If X is a determinantal surface in C4, then
Xu ∼=ht L
2,2
2,3 ∨
s∨
i=1
S2 ∼=
s+1∨
i=1
S2.
We note that in this case the Milnor number defined in [20] is the
number of spheres appearing on the previous bouquet.
b) If X is a determinantal 3-variety in C5, then
Xu ∼=ht L
2,1
2,3 ∨
s∨
i=1
S3 ∼= S2 ∨
s∨
i=1
S3.
Using Propositions 1.1 and 1.2, since b2(Xt) = 1 ([23]), we obtain the
following consequence.
Corollary 1.1. Let (X, 0) ⊂ (C5, 0) be the germ of a determinantal variety
of codimension 2 with isolated singularity at the origin. Then,
m3(X) = µ(p
−1(0) ∩X) + µ(X) + 1.
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2 Index of 1-Forms on Determinantal Vari-
eties
Let (X, 0) be an EIDS represented by a matrix F = (Fij(x)), x ∈ C
r and X˜
an essential smoothing of it. In [8], Ebeling and Gusein-Zade define indices
of 1-forms on EIDS. If X is a smoothable singularity then the following
definition coincides with the definition presented in [5], Section 3.4.
Definition 2.1. Let (X, 0) ⊂ (Cr, 0) be a EIDS and ω a 1-form on (X, 0).
The Poincare´Hopf index (PH-index), IndPH ω = IndPH(ω,X, 0), of ω on
(X, 0) is the sum of the indices of the zeros of a generic perturbation ω˜ of
the 1-form ω on the essential smoothing X˜ appearing in the preimage of a
neighbourhood of the origin in (Cr, 0).
In the case where X˜ is singular we can consider the Poincare´HopfNash
index (PHN-index) that can be defined as follows. Let X be the total space
of the Nash transform of the variety X˜ , T the Nash bundle over X˜ , and
Π : X → X˜ the associate projection. The 1-form ω defines a nonvanishing
section ωˆ of the dual bundle Tˆ∗ over the preimage of the intersection X˜ ∩ Sǫ
of the variety X˜ with the sphere Sǫ centered at the origin. Notice that X is
a smooth manifold as it was proved in [8], p. 06.
Definition 2.2. [8] The Poincare´HopfNash index of the 1-form ω on the
EIDS (X, 0), IndPHN(ω,X, 0) = IndPHNω, is the obstruction to extending
the nonzero section ωˆ of the dual Nash bundle Tˆ∗ from the preimage of the
boundary Sǫ = ∂Bǫ of the ball Bǫ to the preimage of its interior, i.e., to
the manifold X or, more precisely, its value (as an element of the cohomol-
ogy group H2d(Π(X˜ ∩ Bǫ),Π(X˜ ∩ Sǫ)) on the fundamental class of the pair
(Π(X˜ ∩Bǫ),Π(X˜ ∩ Sǫ)).
The next proposition is a key ingredient to prove the formulas we present
in the following.
Proposition 2.1. [8] Let l : Mn,p → C be a generic linear form, and let
Ltn,p = M
t
n,p ∩ l
−1(1). Then, for t ≤ n ≤ p, one has
χ(Ltn,p) = (−1)
t
(
n− 1
t− 1
)
.
As an immediate consequence, we obtain the following formula.
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Corollary 2.1. If l : Mn,p → C
k is a linear projection , then
χ(Lt,kn,p) = (−1)
t
(
n− k
t− 1
)
, (3)
where Lt,kn,p = M
t
n,p ∩ l
−1(δ), δ 6= 0.
Proof. Let l : Mn,p → C
k be a linear projection and l−1(δ) is a plane of codi-
mension k in M tn,p, with δ 6= 0. Then l
−1(δ) is isomorphic to Mn−k,p−1 × {ξ},
where ξ is a complex number. Then the result follows by induction applying
the previous result on the right space of matrices.

In [21, 5] the authors proved a Poncare´-Hopf type theorem for compact
varieties with isolated complete intersection singularities. Using [20] we can
extend this result in the case of codimension 2 determinantal varieties with
isolated singularities.
We start considering r < (n− t+2)(p− t+ 2), i.e., smoothable determi-
nantal varieties. In this case, the relation between the PHN-index and the
radial index (present in [9]) is given by
IndPHN(ω,X, 0) = Indrad(ω,X, 0) + (−1)
dim(X)χ(Xu), (4)
with χ(Xu) = χ(Xu)− 1.
Let X ⊂ Cr be a compact surface with isolated singularities p1, . . . , pl
such that the germ Xi = (X, pi), i = 1 . . . , l, is a germ of isolated singularity
and ω is a 1-form on X with isolated singularities. Then we use the following
formula that is a consequence of the definition of the radial index:
Indrad(ω,Xi, pi) = 1 +
si∑
j=1
IndPHN(ω,Xi, q
i
j), (5)
where ω is a 1-form on Xi \B(pi, ǫ
′
i) which coincides with ω on S ∩∂B(pi, ǫi)
and with a radial form on X ∩ ∂B(pi, ǫ
′
i) and q
i
j are the singularities of ω on
Xi (see [5]).
Theorem 2.1. Let S ⊂ C4 be a compact surface with isolated singularities
p1, . . . , pl such that the germ (S, pi), i = 1 . . . , l, is a determinantal surface
with isolated singularity and ω a 1-form on S with isolated singularities.
Then ∑
IndPHN(ω, S, pi) = χ(S) +
∑
µ(Si), (6)
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where Si = S ∩ B(pi, ǫ) with 1 ≤ i ≤ l.
Proof. Let 0 < ǫ << 1 such that the representative of the germ of S on pi,
Si = S ∩ B(pi, ǫ), is a determinantal surface with isolated singularity with
1 ≤ i ≤ l ( of the same type, given by 2× 2 minors of a 2× 3 matrix). Then
ω|Si has isolated singularities at pi where l + 1 ≤ i ≤ l + k.
If the value of the 1-form ω is not positive on a fixed outward looking
normal vector field on the boundary of a tubular neighbourhood of S, we can
choose ǫ′i < ǫi such that B(pi, ǫ
′
i) are the balls coming from the construction
of the radial index. If S ′ = S \ ∪B(pi, ǫ
′
i), with i ∈ {1, . . . , l}, then S
′ is a
surface with boundary and
k∑
j=l
IndPHN(ω, S
′, pl+j) = χ(S
′).
In fact, the Euler characteristic of S is equal the sum of Euler characteristic
of S ′ and the number of singularities of S since each Si is contractible. On
the other hand,
∑
IndPHN(ω, S, pi) =
l∑
i=1
IndPHN(ω, Si, pi) +
k∑
j=1
IndPHN(ω, S
′, pl+j) (7)
Using Equations (4) and (5), we have∑
IndPHN(ω, S, pi) =
=
l∑
i=1
(
Indrad(ω, Si, pi) + (−1)
2χ(Si)
)
+
k∑
j=1
IndPHN(ω, S
′, pl+j) =
=
l∑
i=1
(
1 +
si∑
j=1
IndPHN(ω, Si, q
i
j) + χ(Si)
)
+
k∑
j=1
IndPHN(ω, S
′, pl+j),
where ω is a 1-form on Si \B(pi, ǫ
′
i) which coincides with ω on S ∩ ∂B(pi, ǫi)
and with a radial form on S ∩ ∂B(pi, ǫ
′
i) and q
i
j are the singularities of ω on
Si.
Hence,
∑
IndPHN(ω, S, pi) = k + χ(S
′) +
∑
χ(Si) = χ(S) +
l∑
i=1
µ(Si).
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Remark 2.1. For simple space curves investigated by Fru¨hbis-Kru¨ger in [1]
we can prove an analogous result using the Milnor number of an arbitrary
reduced curve singularity defined by Buchweitz and Greuel in [4].
Theorem 2.2. Let X ⊂ C5 be a 3-variety with isolated singularities p1, . . . , pl
such that the germ of X at pi, i = 1 . . . , l, is a determinantal 3-variety with
isolated singularities and ω a 1-form on X. Then
∑
IndPHN(ω,X, pi) = χ(X)− l −
l∑
i=1
µ(Xi) (8)
where Xi = X ∩ B(pi, ǫ), for 0 < ǫ << 1.
Proof. Let 0 < ǫ << 1 such that the representative of the germ Xi =
X ∩B(pi, ǫ) of X on pi is a 3-determinantal variety with isolated singularity
and let qj be the isolated singularities of ω on Xi. Using similar arguments
as in the proof of Theorem 2.1, we have∑
IndPHN(ω,X, pi) = χ(X
′)−
∑
χ(Xi) + #{singular points of X} =
= χ(X)−
l∑
i=1
µ(Xi)−
∑
b2(Xu) =
= χ(X)−
(
l∑
i=1
(µ(Xi) + 1)
)
.

Corollary 2.2. In the setting of Theorem 2.2, if Xi are simple singularities,
then ∑
IndPHN(ω,X, pi) = χ(X)−
l∑
i=1
τ(Xi), (9)
where τ(Xi) is the Tjurina number of Xi (see [20] ).
9
Theorem 2.3. Let X ⊂ Cr be a compact d-variety with isolated determi-
nantal singularities {p1, . . . , pl}, with r < (n − t + 2)(p − t + 2) and ω be a
1-form on X with a finite number of singularities (in the stratified sense) of
the same type. Then
∑
IndPHN(ω,X, pi) = χ(X) + (−1)
dl
(
1 + (−1)d + (−1)t
(
n− 1
t− 1
))
Proof. Let {Ui}i∈I be a finite covering of X such that each Xi = X ∩ Ui
can be described as F−1i (M
t
n,p), where Xi has isolated singularity at pi and
r < (n − t + 2)(p − t + 2). Then ω|Xi has isolated singularities at pi where
l + 1 ≤ i ≤ k.
If the value of the 1-form ω is not positive on a fixed outward looking
normal vector field on the boundary of a tubular neighbourhood of X , we can
choose ǫ′i < ǫi such that B(pi, ǫ
′
i) are the balls coming from the construction
of the radial index. If X ′ = X \∪B(pi, ǫi), then X
′ is a determinantal variety
with boundary and
∑k
j=1 IndPHN(ω,X
′, pl+j) = χ(X
′). In fact, χ(X) =
χ(X ′) + k since each Xi is contractible with i ∈ {1, . . . , l}. Nevertheless,
∑
IndPHN(ω,X, pi) =
l∑
i=1
IndPHN(ω,Xi, pi) +
k∑
j=1
IndPHN(ω,X
′, pl+j)
(10)
Using Equation (4), we have∑
IndPHN(ω,X, pi) =
=
l∑
i=1
(
Indrad(ω,Xi, pi) + (−1)
dχ(Xu)
)
+
k∑
j=1
IndPHN(ω,X
′, pl+j)
=
l∑
i=1
(
1 +
si∑
j=1
IndPHN(ω,Xi, q
i
j) + (−1)
dχ(Xu)
)
+
k∑
i=1
IndPHN(ω,X
′, pl+j)
= l + χ(X ′) +
l∑
i=1
(−1)dχ(Xu) = χ(X) +
l∑
i=1
(−1)dχ(Xu).
Moreover, we know that Xu ∼=ht L
t,np−r
n,p ∨
∨ri
v=1 S
d and
χ(Ltn,p) = (−1)
t
(
n− 1
t− 1
)
,
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where t ≤ n ≤ p. Then
χ(Xu) = (−1)
t
(
n− 1
t− 1
)
+
ri∑
v=1
((−1)d + 1)
Therefore,
∑
IndPHN(ω,X, pi) = χ(X) +
l∑
i=1
(−1)dχ(Xu)
= χ(X) +
l∑
i=1
(
(−1)d+t
(
n− 1
t− 1
)
+ 1 + (−1)d
)
= χ(X) + (−1)dl
(
1 + (−1)d + (−1)t
(
n− 1
t− 1
))

Remark 2.2. Let us denote by EuM tn,p(0) the Euler obstruction of M
t
n,p at
the origin. Using the previous result and the formula
EuM tn−1,p(0) =
(
n− 1
t− 1
)
presented in [13], we obtain
a) If d is odd, then
χ(X) =
∑
IndPHN(ω,X, pi) + l(−1)
d+t−1EuM tn−1,p(0).
b) If d is even, then
χ(X) =
∑
IndPHN(ω,X, pi) + l(−1)
d+t−1EuM tn−1,p(0)− 2l.
That means that the Euler characteristic of X measure, in some sense, the
difference between the PHN- index on X and the Euler obstruction of M tn−1,p
at the origin. For more details about the Euler obstruction see [16] and [6].
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In the next result, we consider non-smoothable determinantal singularity
with isolated singularity, i.e., r = (n − t + 2)(p − t + 2). In this case, the
relation between the PHN- and the radial index present in [9] reduces to
IndPHN(ω,X, 0) =
Indrad(ω,X, 0) + (−1)
dim(X)χ(Xu) + (−1)
n+p+1(n− t+ 1)χ((Xu)t−1).
(11)
Theorem 2.4. Let X ⊂ Cr be a compact d-variety with rigid isolated de-
terminantal singularities {p1, . . . , pl} and (X
i
u, 0) the germ of Xu on pi. Let
ω = dp be a 1-form on X with a finite number of singularities (in the stratified
sense) and pi the singularities of ω|Xiu, where l + 1 ≤ i ≤ k . Then
∑
IndPHN(ω,X, pi) = χ(X)+l(−1)
dχ(X iu)+(−1)
n+p+1(n−t+1)
l∑
i=1
χ((X iu)t−1).
(12)
Proof. Let {Ui}i∈I be a finite covering of X such that each X
i
u = X ∩ Ui
can be describe as
Fi : Ui →Mn,p
where F−1i (X
t
n,p) has isolated singularity at pi and r = (n− t+2)(p− t+2),
with dim(X iu) = d. Using arguments similar to previous ones, we have
∑
IndPHN(ω,X, pi) =
l∑
i=1
IndPHN(ω,X ∩Ui, pi) +
k∑
j=1
IndPHN(ω,X
′, pl+j)
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Using relation (11), we have∑
IndPHN(ω,X, pi) =
=
l∑
i=1
(
Indrad(ω,X
i
u, pi) + (−1)
dχ(X iu) + (−1)
n+p+1(n− t+ 1)χ((X iu)t−1
)
+
+
k∑
j=1
IndPHN(ω,X
′, pl+j) =
=
l∑
i=1
(
1 +
si∑
j=1
IndPHN(ω,X
i
u, q
i
j) + (−1)
dχ(X iu) + (−1)
n+p+1(n− t + 1)χ((X iu)t−1
)
+
k∑
i=1
IndPHN(ω,X
′, pl+j) =
= l + χ(X ′) + l(−1)dχ(X iu) +
l∑
i=1
(−1)n+p+1(n− t+ 1)χ((X iu)t−1) =
= χ(X) + l(−1)dχ(X iu) + l(−1)
n+p+1(n− t+ 1)χ((X iu)t−1).

Remark 2.3. a) In the setting of Corollary 2.1, we can explicitly calcu-
late the sum of indices in terms of Newton binomial.
b) Notice that if the singularity Xi is rigid for any i ∈ {1, . . . , l}, then∑
IndPHN(ω,X, pi) = χ(X) + l(−1)
n+p(n− t+ 1).
Here we conclude this work where it was delivered a generalization of
the Poincare´-Hopf theorem for compact determinantal varieties in the both
smoothable and non-smoothable cases.
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